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We show that if T is a mixing Markov operator of kernel type than 
the associated Markov shift is Bernoulli. This generalizes the finite 
state result [2] and shows, in particular, that Brownian motion in a 
reflecting rectangular region is a Bernoulli flow. 
First some definitions. A positive linear operator T on L’(X, Z, p), 
where (X, ,Z, p) is a Lebesgue space, is a Markov operator if 
TE = ET = E, (1) 
where E is the integration operator; Ef = Jfdu. A Markov operator T 
is of the kernel type if there is an integrable function p(x, y) such that 
w4 = j f(Y) PC% Y) P(dY), f EL’. 
The Markov shift u associated with T is the transformation defined 
for bilateral sequences {x,~} by 
4%hn = %+1 , m = 0, Al, &2 ,..., 
the invariant measure p’ being the measure defined on cylinder sets by 
CL’ (fj 4) = j T(xA_, ..* T(xA” ... (T(xA,_~(T(xA,~) .*.) 4, 
where Ai = X, j i 1 > n. 
The transformation u is mixing if and only if 
Ii~jC?fkrlCL = (/fdw)(jgG), fEL’, geL”. (2) 
We shall prove 
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THEOREM 1. If T is of kewel type and u is mixing then CJ is isomorphic 
to a BernouZZi shift. 
Proof. The mixing condition (2) is equivalent to the condition thal 
for each f E L’, Tnf converges weakly to Ef. Since T is of the kerne: 
type it maps weakly convergent sequences into norm convergenl 
sequences [l, p. 5101 so that 
II T”+‘f - TEfIl, - 0, f EL’, 
and hence (1) implies 
s IPf--f/d~+'A f ELI. (31 
Define p(r)(x, y) = p(x, y) and pcn+l)(x, y) = Jptn)(x, x)p(z., y) p(dz). 
The kernel of Tn is then pcn)(x, y) . Furthermore, if f,(x) = p(x, y), 
then 
T%f,(x) = pCnfl)(x, Y), 
so that (3) gives 
s 1 p(n+l)(x, y) - 1 ] p(dx) + 0. (4) 
The operator T has norm 1, so the sequence in (4) is dominated a.e. 
by 2 and therefore 
II I P(~+Yx, Y> - 1 I @y) /@x) - 0. 
In operator form this is 
lim 
n s 
1 T”+l - E 1 1 dp = 0, (5) 
which in [4] was shown to imply that u is isomorphic to a Bernoulli 
shift. This completes the proof of the theorem. 
A theorem of Jamison and Orey [3] (see also [6]) shows that (2) is a 
consequence of the hypothesis that every power an is ergodic; hence 
Theorem 1 extends to 
THEOREM 2. If T is of kernel-type and 0” is ergodic for n = 1, 2, 3, 
then u is isomorphic to a Bernoulli shift. 
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THEOREM 3. Brownian motion in a bounded rectangular rejecting 
region is a Bernoulli jaw. 
Proof. The general case is a straightforward extension of the motion 
on a line with reflectors at 0 and 1. To simplify our proof we restrict 
our discussion to this linear case. Let 
p,(x, y) = (ljd2nt) exp(-(x - y)“/2t) 
be the transition density function for the unreflected motion. The 
transition density qt(q y) for the reflected motion is then given by 
9&G Y) = 2 [Pt(X, y  + 2n) + P&, -y + 2n)l 
--m 
(8) 
and a simple integration shows that 
s 
1 
o &,Y) & = 1, O<Y<l, 
so that the reflected process is stationary. Furthermore, (8) shows that 
if E = [a, b], then 
p% S4t(x, Y) X&Y) dY = b - 4 
so that the flow is mixing. Theorem 1 then implies that it is isomorphic 
to a Bernoulli flow. 
The first author has shown that all Bernoulli flows of infinite entropy 
are isomorphic and that every such flow of finite entropy is factor 
of a Bernoulli flow of infinite entropy [6]. In the light of Theorem 3, 
this means that all Bernoulli flows are either Brownian motion in a 
reflecting rectangular region or factors of such flows. 
REFERENCES 
1. N. DUNFORD AND J. SCHWARTZ, “Linear Operators,” Vol. 1, Wiley, New York, 1958. 
2. N. FRIEDMAN AND D. ORNSTEIN, On weak Bernoulli transformations, Ada. n/lath. 5 
(1970), 365-394. 
146 ORNSTEIN AND SHIELDS 
3. B. JAMISON AND S. OREY, Markov chains recurrent in the sense of Hamis, 2. W&r. 
u. V. 6 13 (1969), 150-164. 
4. R. MCCABE AND P. SHIELDS, A class of Markov shifts which are Bernoulli shifts, A&. 
Math. 6 (1971), 323-328. 
5. D. S. ORNSTEIN, The isomorphism theorem for Bernoulli flows of infinite entropy, 
to appear. 
6. D. S ORNSTEIN AND L. SUCHESTON, An operator theorem on L, convergence to zero 
with applications to Markov kernels, Ann. Math. Statist. 41 (1970), 1631-1639. 
